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State of Art Definitions

Definition
Let Z be a topological space. Given A, B � Z we say that A
Wadge reduces to B (briefly A ¤W B) if there exists a continu-
ous f : Z Ñ Z such that f�1pBq � A.

Our class of spaces: zero-dimensional Polish spaces (P0D), that is zero-
dimensional, separable and completely metrizable spaces.

Examples
P0D

ωω, 2ω,RzQ, α P ω1

Examples
Not P0D

R, ℓp, Q
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State of Art Definitions

Wadge Game in ωω: let A, B � ωω, GpA, Bq

I a1 a2 a3 . . .
II b1 p b2 . . .

(Wadge) A ¤W B ô II has a winning strategy in GpA, Bq

Wadge Lemma

(AD) Let A, B � ωω then A ¤W B or ωωzB ¤W A.
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State of Art Definitions

Theorem (Martin-Monk)

(AD) pPpωωq,¤Wq is a well-founded quasi-order, called the Wadge
quasi-order.

Definition

A subset A � ωω is selfdual if A ¤W ωωzA, otherwise A is non
selfdual. Moreover, if we consider (the Wadge class) rAs � tB P
Ppωωq | A ¤W B, B ¤W Au, rAs is selfdual if so is A.

Consider the coarse class, rAs Y rωωzAs, the relation on them induced by
the Wadge reduction is a well-order. We define the rank of a coarse class
(Wadge class), an ordinal that uniquely identifies the coarse class.
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State of Art Definitions

Definition
Let α be the rank of a coarse class, we say

α P SDωω , if the αth coarse class coming from a selfdual
subset A;
α P NSDωω , if the αth coarse class coming from a non selfdual
subset A.

This was due to Wadge (probably), although not stated like this.
Alternating duality: If α   Θωω , α P SDωω if and only if α� 1 P NSDωω .

Goal: describe the partial-order of the Wadge classes
on zero-dimensional Polish spaces up to

isomorphism!

Schlicht showed that the structure of Wadge degrees on any non
zero-dimensional metric space must contain infinite antichains.
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State of Art Definitions

On ωω or 2ω

1) Well-foundedness
2) SLOW

3) Alternating duality
4) Study of limit with

countable cofinality
5) Study of limit with

uncountable cofinality
6) Length of the hierarchy

General P0D Z

1)
2)
3) ?
4) ?

5) ?

6) ?
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Alternating duality

Let Z be a zero-dimensional Polish space.
Alternating duality: if α   ΘZ , α P SDZ if and only if α� 1 P NSDZ .

Theorem (R. Carroy, L. Motto Ros, S.)

Let Z be zero-dimensional Polish space and let α   ΘZ be in
NSDZ . Then α� 1 P SDZ .

Remark
The proof of the theorem is different depending on whether Z is
countable or not. If Z is uncountable this can be obtained as con-
sequence of the description of the Wadge Hierarchy on the Baire
space via tools in Carroy-Medini-Müller(2022), while in countable
case one needs a constructive proof.
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Alternating duality

Theorem (Wadge, Carroy-Medini-Müller)

Let Z be a zero-dimensional Polish space and A � Z. The set
A is selfdual if and only if there exists a pairwise disjoint partition
pUnqnPω of Z in clopen subsets such that for each n P ω there
exists An � Z non selfdual subset satisfying

An  W A and
¤

nPω

An X Un � A.

Corollary

Let Z be a zero-dimensional Polish space and α   ΘZ a limit ordi-
nal of countable cofinality. If α P SDZ then Z is not compact.
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Alternating duality

Proposition

Let Z be a zero-dimensional Polish space, let α, β be two coarse
classes. If α   β and α, β P SDZ then there exists ρ P NSDZ such
that α   ρ   β.

Alternating duality Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be a zero-dimensional Polish space, and let α   ΘZ then
α P SDZ if and only if α� 1 P NSDZ .
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Limit coarse classes

On ωω or 2ω

1) Well-foundedness
2) SLOW

3) Alternating duality
4) Study of limit with

countable cofinality
5) Study of limit with

uncountable cofinality
6) Length of the hierarchy

General P0D Z

1)
2)
3)
4) ?

5) ?

6) ?
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Limit coarse classes

Proposition

Let Z be a zero-dimensional Polish space and α   ΘZ . If α is a
limit ordinal with cofpαq � ω1 then α P NSDZ .

Remark
The case Z � 2ω, ωω are due to Wadge.
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Limit coarse classes

Definition
Let Z be a topological space then we define the perfect kernel of Z
as

kerppZq � tx P Z | x is an accumulation points of Zu
where x P Z is an accumulation point if and only if each neighbor-
hood U of x is uncountable.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be an uncountable zero-dimensional Polish space and let α
be a limit ordinal with cofpαq � ω. If kerppZq is not compact then
α P SDZ .

What if kerppZq is compact?

Salvatore Scamperti Wadge Hierarchy on P0D 12 / 17



Limit coarse classes

Definition
Let Z be a topological space then we define the perfect kernel of Z
as

kerppZq � tx P Z | x is an accumulation points of Zu
where x P Z is an accumulation point if and only if each neighbor-
hood U of x is uncountable.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be an uncountable zero-dimensional Polish space and let α
be a limit ordinal with cofpαq � ω. If kerppZq is not compact then
α P SDZ .

What if kerppZq is compact?

Salvatore Scamperti Wadge Hierarchy on P0D 12 / 17



Limit coarse classes

Definition
Let Z be a topological space then we define the perfect kernel of Z
as

kerppZq � tx P Z | x is an accumulation points of Zu
where x P Z is an accumulation point if and only if each neighbor-
hood U of x is uncountable.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be an uncountable zero-dimensional Polish space and let α
be a limit ordinal with cofpαq � ω. If kerppZq is not compact then
α P SDZ .

What if kerppZq is compact?

Salvatore Scamperti Wadge Hierarchy on P0D 12 / 17



Limit coarse classes

Recall that the Cantor-Bendixon derivatives on a topological space
Z are defined as follows: CB0pZq � Z,
CBγ�1pZq � CBγpZqztx P CBγpZq | x is isolated points in
CBγpZqu,
CBλpZq �

�
µ λ CBµpZq when λ is a limit ordinal.

Definition

Let ComppZq � mintγ P ω1 | CBγpZq is compactu, where CBγpZq
is the Cantor-Bendixon derivatives.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be a zero-dimensional Polish space such that kerppZq com-
pact, and let α   ΘZ . If α is a limit ordinal with cofpαq � ω then

if α   ComppZq then α P SDZ ;
if α ¡ ComppZq then α P NSDZ .
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Limit coarse classes

tHu

tZu

∆0
1

Π0
1zΣ0

1

Σ0
1zΠ0

1

. . .

limit
coarse class

. . .

limit
coarse class

. . .

ComppZq

. . .

limit
coarse class
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Limit coarse classes

On ωω or 2ω

1) Well-foundedness
2) SLOW

3) Alternating duality
4) Study of limit with

countable cofinality
5) Study of limit with

uncountable cofinality
6) Length of the hierarchy

General P0D Z

1)
2)
3)
4)

5)

6) ?
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Limit coarse classes

Length of the Wadge hierarchy

Z is uncountable ; Θ.

Z is countable and CBpZq is limit ; CBpZq.

If Z is countable and CBpZq � λ� n� 1

Comp Z λ λ� 2n� 2 λ� 2n� 3
Comp Z¡λ λ� 2n� 1 λ� 2n� 2

|CBλ�npZq|�1 |CBλ�npZq|¡1
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Limit coarse classes

Thank you!

Salvatore Scamperti Wadge Hierarchy on P0D 17 / 17


	State of Art
	Definitions

	Alternating duality
	Limit coarse classes

