The Wadge Hierarchy
on 0-dimensional Polish space
Joint work with R. Carroy and L. Motto Ros
Salvatore Scamperti, University of Turin

Winter School in Abstract Analysis 2022
section Set Theory & Topology
Hejnice, February 4th 2022




State of Art Definitions

Definition

Let Z be a topological space. Given A, B € Z we say that A

Wadge reduces to B (briefly A <y B) if there exists a continu-
ous f : Z — Z such that f~}(B) = A.

Our class of spaces: zero-dimensional Polish spaces (POD), that is zero-
dimensional, separable and completely metrizable spaces.
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Let Z be a topological space. Given A, B € Z we say that A

Wadge reduces to B (briefly A <y B) if there exists a continu-
ous f : Z — Z such that f~}(B) = A.

Our class of spaces: zero-dimensional Polish spaces (POD), that is zero-
dimensional, separable and completely metrizable spaces.

Examples Examples
POD Not POD
w¥, 2% R\Q, v € wy R, /7, Q
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State of Art Definitions

Wadge Game in w¥: let A, B € w¥, G(A, B)
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State of Art Definitions

Wadge Game in w¥: let A, B € w¥, G(A, B)

where p is for "pass", i.e. II can skip his turn.
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State of Art Definitions

Wadge Game in w“: let A, B € w, G(A, B)

I‘al ay az ... —a=(a,a,...)€Ew”
II‘bl o] b2 —>b:(b1,b2,...)ew°’

Winning condition for II:
a€ Aifandonlyif be B.
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State of Art Definitions

Wadge Game in w“: let A, B € w, G(A, B)

I‘al ay az ... —a=(a,a,...)€Ew”
II‘bl o] b2 —>b=(b1,bQ,...)€ww

Winning condition for II:
a€ Aifandonlyif be B.

(Wadge) A <w B < 1II has a winning strategy in G(A, B)

Wadge Lemma

(AD) Let A, B € w*” then A <w B or w\B <w A.
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State of Art Definitions

Theorem (Martin-Monk)

(AD) (P(w®),<w) is a well-founded quasi-order, called the Wadge
quasi-order.
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State of Art Definitions

Theorem (Martin-Monk)

(AD) (P(w®),<w) is a well-founded quasi-order, called the Wadge
quasi-order.

Definition

A subset A < w* is selfdual if A <w w“\A, otherwise A is non
selfdual. Moreover, if we consider (the Wadge class) [A] = {B €
Pw*) | A<w B, B <w A}, [A] is selfdual if so is A.
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State of Art Definitions

Theorem (Martin-Monk)

(AD) (P(w®),<w) is a well-founded quasi-order, called the Wadge
quasi-order.

Definition

A subset A < w* is selfdual if A <w w“\A, otherwise A is non
selfdual. Moreover, if we consider (the Wadge class) [A] = {B €
Pw*) | A<w B, B <w A}, [A] is selfdual if so is A.

Consider the coarse class, [A] u [w*\A], the relation on them induced by
the Wadge reduction is a well-order. We define the rank of a coarse class
(Wadge class), an ordinal that uniquely identifies the coarse class.
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Let « be the rank of a coarse class, we say

N

State of Art De

@ «a € SDw, if the ath coarse class coming from a selfdual
subset A;

@ «a € NSDw, if the ath coarse class coming from a non selfdual
subset A.

J
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Definition

Let « be the rank of a coarse class, we say

@ «a € SDw, if the ath coarse class coming from a selfdual
subset A;

@ «a € NSDw, if the ath coarse class coming from a non selfdual

K subset A. j

This was due to Wadge (probably), although not stated like this.
Alternating duality: If & < ©4w, a € SDyw if and only if & + 1 € NSD,w.
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Definition

Let « be the rank of a coarse class, we say

@ «a € SDw, if the ath coarse class coming from a selfdual
subset A;
@ «a € NSDw, if the ath coarse class coming from a non selfdual

K subset A. )

This was due to Wadge (probably), although not stated like this.
Alternating duality: If & < ©4w, a € SDyw if and only if & + 1 € NSD,w.

Goal: describe the partial-order of the Wadge classes
on zero-dimensional Polish spaces up to
isomorphism!

Schlicht showed that the structure of Wadge degrees on any non
zero-dimensional metric space must contain infinite antichains.
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State of Art Definitions

On w® or 2¢ General POD Z
1) Well-foundedness
) SLOw
3) Alternating duality

)

Study of limit with

countable cofinality

5) Study of limit with
uncountable cofinality

6) Length of the hierarchy
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State of Art Definitions

On w¥ or 2¢ General POD Z

1) Well-foundedness 1) v

2) SLOw 2) v

3) Alternating duality 3) ?

4) Study of limit with 4) 7
countable cofinality

5) Study of limit with 5) ?
uncountable cofinality

6) Length of the hierarchy 6) ?

Salvatore Scamperti Wadge Hierarchy on POD 6/17



Alternating duality

Let Z be a zero-dimensional Polish space.
Alternating duality: if « <Oz, a € SDy if and only if @« + 1 € NSD .

Theorem (R. Carroy, L. Motto Ros, S.)

Let Z be zero-dimensional Polish space and let « < Oz be in
NSDgz. Then o+ 1€ SD.
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Alternating duality

Let Z be a zero-dimensional Polish space.
Alternating duality: if « <Oz, a € SDy if and only if @« + 1 € NSD .

Theorem (R. Carroy, L. Motto Ros, S.)

Let Z be zero-dimensional Polish space and let « < Oz be in
NSDgz. Then o+ 1€ SD.

The proof of the theorem is different depending on whether Z is
countable or not. If Z is uncountable this can be obtained as con-
sequence of the description of the Wadge Hierarchy on the Baire

space via tools in Carroy-Medini-Miiller(2022), while in countable
\case one needs a constructive proof. )
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Alternating duality

Theorem (Wadge, Carroy-Medini-Miiller)

Let Z be a zero-dimensional Polish space and A © Z. The set
A is selfdual if and only if there exists a pairwise disjoint partition
(Un)new of Z in clopen subsets such that for each n € w there
exists A,, © Z non selfdual subset satisfying

A, <w A and UAnmUnzA.

N " J
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Alternating duality

Theorem (Wadge, Carroy-Medini-Miiller)

Let Z be a zero-dimensional Polish space and A © Z. The set
A is selfdual if and only if there exists a pairwise disjoint partition
(Un)new of Z in clopen subsets such that for each n € w there
exists A,, © Z non selfdual subset satisfying

A, <w A and UAnmUnzA.

N " J

Let Z be a zero-dimensional Polish space and o < ©7 a limit ordi-
nal of countable cofinality. If & € SDz then Z is not compact.
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Alternating duality

Proposition

Let Z be a zero-dimensional Polish space, let «, 8 be two coarse

classes. If @ < 8 and «, 8 € SDz then there exists p € NSDz such
that a < p < .
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Alternating duality

Proposition

Let Z be a zero-dimensional Polish space, let «, 8 be two coarse
classes. If @ < 8 and «, 8 € SDz then there exists p € NSDz such
that a < p < .

Alternating duality Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be a zero-dimensional Polish space, and let « < ©4 then
a € SDy if and only if « +1 € NSD.
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Limit coarse classes

On w¥ or 2¢ General POD Z

1) Well-foundedness 1) v

2) SLOw 2) v

3) Alternating duality 3) v

4) Study of limit with 4) ?
countable cofinality

5) Study of limit with 5) ?
uncountable cofinality

6) Length of the hierarchy 6) ?
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Limit coarse classes

Proposition

Let Z be a zero-dimensional Polish space and o < ©z. If ais a
limit ordinal with cof(a) = w; then o € NSD.

The case Z = 2% w" are due to Wadge.
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Limit coarse classes

Definition

Let Z be a topological space then we define the perfect kernel of Z
as
ker,(Z) = {x € Z | x is an accumulation points of Z}
where € Z is an accumulation point if and only if each neighbor-
\hood U of z is uncountable.
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Limit coarse classes

Definition

Let Z be a topological space then we define the perfect kernel of Z
as

ker,(Z) = {x € Z | x is an accumulation points of Z}
where € Z is an accumulation point if and only if each neighbor-
\hood U of z is uncountable.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be an uncountable zero-dimensional Polish space and let «

be a limit ordinal with cof(a) = w. If ker,(Z) is not compact then
« € SDz.
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Limit coarse classes

Definition

Let Z be a topological space then we define the perfect kernel of Z
as

ker,(Z) = {x € Z | x is an accumulation points of Z}
where € Z is an accumulation point if and only if each neighbor-
\hood U of z is uncountable.

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be an uncountable zero-dimensional Polish space and let «

be a limit ordinal with cof(a) = w. If ker,(Z) is not compact then
« € SDz.

What if ker,(Z) is compact?
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Limit coarse classes

~

(Recall that the Cantor-Bendixon derivatives on a topological space
Z are defined as follows: CBy(Z) = Z,

CB,11(Z2) = CB4y(Z2)\{z € CB,(Z) | « is isolated points in
CB,(2)},

CBA(Z) = (1,1 CBL(Z) when X is a limit ordinal.

N /

Let Comp(Z) = min{y € wy | CB4(Z) is compact}, where CB,(2)
Kis the Cantor-Bendixon derivatives. J
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Limit coarse classes

(Recall that the Cantor-Bendixon derivatives on a topological space \
Z are defined as follows: CBy(Z) = Z,

CB,11(Z2) = CB4y(Z2)\{z € CB,(Z) | « is isolated points in
CB,(2)},

CBA(Z) = (1,1 CBL(Z) when X is a limit ordinal.

N /

Let Comp(Z) = min{y € wy | CB4(Z) is compact}, where CB,(2)
Kis the Cantor-Bendixon derivatives. J

Theorem (Wadge, Carroy-Motto Ros-S.)

Let Z be a zero-dimensional Polish space such that ker,(Z) com-
pact, and let « < ©z. If v is a limit ordinal with cof(a) = w then

e if @ < Comp(Z) then a € SDy;

\_ e if @ > Comp(Z) then o € NSD. j
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Limit coarse classes

o Comp(Z)
(2} )\ B N
[ ] [ ] 1.: ! '
A | i
o o I I
{2} s % %
° ° L Y .
limit e e
coarse class N
limit
coarse class limit
coarse class
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Limit coarse classes

On w® or 2¢ General POD Z
1) Well-foundedness 1) v
2) SLOw 2) v
3) Alternating duality 3) v
4) Study of limit with 4) v

countable cofinality

5) Study of limit with 5) v
uncountable cofinality
6) Length of the hierarchy 6) ?

Salvatore Scamperti Wadge Hierarchy on POD 15 /17



Limit coarse classes

Length of the Wadge hierarchy

Z is uncountable ~ ©.
Z is countable and CB(Z) is limit ~ CB(Z).

If Z is countable and CB(Z) = A+ n +1

Comp Z<A\ A+2n+2 | A+2n+3
Comp Z>\ A+2n+1 | A+2n+2
|CBA+n(Z)|=1 |CBx4n(Z)|>1
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Limit coarse classes

Thank you!
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